Among other extremely remarkable things in Hermite's famous letters to Jacobif we find a very brief outline of a method which can be used for the actual discovery of units in cubic orders. Much, however, remained to be done in order that Hermite's ideas could be embodied in a really practical method easily applicable to numerical examples. Zolotareff was the first to develop Hermite's suggestion in the case of a negative discriminant.
Among other extremely remarkable things in Hermite's famous letters to Jacobif we find a very brief outline of a method which can be used for the actual discovery of units in cubic orders. Much, however, remained to be done in order that Hermite's ideas could be embodied in a really practical method easily applicable to numerical examples. Zolotareff was the first to develop Hermite's suggestion in the case of a negative discriminant.
In his little known but remarkable thesis On an indeterminate equation of the third degree published in Russian in 1869, Zolotareff developed a method for finding units in the order x+yd+zQ2 where 6 is a root of the irreducible equation 0s = A, based on Hermite's principle of continuous variables; that is, on the study of successive minima of a certain positive ternary form containing a continuous parameter.
Zolotareff's most important contribution consisted in the peculiar manner of reducing the study of successive minima of a ternary quadratic form to a similar problem concerning binary forms. In itself Zolotareff's method is remarkable, but it requires further complements in order to give all the successive minima, as is strictly required by Hermite's principle, and these complements unfortunately detract much from its practical value. When studying Zolotareff's paper I noticed, however, that, by retaining his basic idea, but departing from Hermite's requirement to consider minima of a variable ternary form, one can build up a new method for finding units in cubic orders of a negative discriminant which can be applied to numerical examples with comparative ease. The best method hitherto known for that purpose is one given by Voronoi in 1896{.
I do not venture to say that the new method explained in this paper is more expedient. That may be decided only by application of both to numerous examples.
1. An order (or ring) in an algebraic field is a system of integers of that * Presented to the Society, August 29, 1929 ; received by the editors in August, 1930. f See Hermite's Collected Works, vol. 1, pp. 131-135.
I G. Voronoi, On a Generalization of the Algorithm of Continued Fractions, Warsaw, 1896 (in Russian) .
This remarkable thesis contains also a method of finding two fundamental units in the case of a positive discriminant.
1
[January field containing the rational unit and reproducing itself by addition, subtraction, and multiplication of its numbers. An order in a cubic field can be built up by repeated addition and subtraction of three fundamental numbers, 1, a, ß, forming its basis. Hence the numbers of an order are obtained from its basic form 4> = x + ay + ßz by giving to x, y, z all rational integral values. As the numbers a2, aß, ß2 by definition belong to the order they must be contained in the preceding linear form for suitable integral values of the variables. Together with 1, a, ß, the numbers 1, a+c, ß+d, where c and d are arbitrary integers, form a basis of the same order. By selecting c and d in a proper way the product
will be a rational integer. Hence we can always select a basis 1, a, ß in such a way that the product aß is a rational integer. We shall call a basis of this kind a normal basis. Supposing that the basis is normal we must have the equations act = e + fa + gß, aß = c, where e, f, g and c are integers. By elimination of ß we find the equation which a satisfies, a3 -fa2 -ea -eg = 0.
Similarly 0 is a root of the equation ß3 + {e/g)ß2 + {cf/g)ß -c2/g = 0 and ß2 = -of Ig + {c/g)a -{e/g)ß.
But as ß2 belongs to the order, k = c/g a.ndl = e/g are integers. Thus every order has a basis 1, a, ß, where a and ß are roots of the respective equations a3 -fa2 -gla -kg2 = 0, ß* + Iß2 + kfß -k2g = 0, /, g, k, I being certain integers. Moreover aa = lg + fa + gß,
(1) aß = kg, ßß = -kf + ka -Iß.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 2. Denoting by a!, a" conjugate numbers to a and using similar notation for ß, the discriminant of the order is given by 1 a ß 1 a! ß' 1 a" ß" = -D,
and from now on we shall suppose it to be negative so that D > 0. By a we denote a number of the real cubic field; then its conjugates a', a" are conjugate imaginary numbers. It is easy to see that the discriminant of a is D(«) = -Dg2 and likewise
3. For practical purposes it is advisable to select numbers a, ß of a normal basis in a special way. Namely, we shall take for a a number of the order for which the expression -(a' -a")2 + 2(« -a')(a -a") is minimum ; that is, can only increase if we substitute for a any other number of the Order. Let 1, A, B be any normal basis of the order, so that we have AA = LG+FA + GB, AB = KG. By taking a = P + AX + BY, the preceding expression becomes
which is a positive quadratic form with the determinant -3D. Let the minimum of this form be attained for X =X, Y =p, these being relatively prime numbers. Then we can take for a the number a = P + \A + pB, where the integer P remains arbitrary. Denoting by X', p! two integers satisfying the equation A// -X'm = 1, we can take for the second number of the basis ß = Q + \'A + ß'B, and finally dispose of P and Q so as to make the basis 1, a, ß normal. [January Thus we finally reach the following conclusion : for any given cubic order a normal basis Í, a, ß can be found such that
is minimum; the value of this minimum never exceeds 2D112. On the other hand, as
it is easy to see that
In the following we shall suppose that the normal basis of the order has been chosen as explained in this paragraph. Besides the form/ we shall consider its adjoint form F whose expression is
where u is a linear form of the contragredient variables X, Y, Z defined by {a" -«0« = Z{a" -a') + Y{ß' -ß") + X{a'ß" -a"ß'), while a = wV.
Referring to the equations (1) we easily find
Numbers w for integral values of X, Y, Z constitute a modulus with the basis 1, a/g, ß. It can be readily verified that the product of any number of this modulus by any number of the order again belongs to the same modulus. According to Dedekind's terminology the cubic order [1, a, ß] is the order of the modulus [1, a/g, ß] . They coincide if and only if g = 1. Needless to say that the discriminant of F is D2/A2.
We can express *, y, z linearly in 0, <j>', <f>" and similarly X, Y, Z are expressible linearly in co, co', co". By substituting these expressions in the bilinear form Xx + Y y + Zz, we can find a remarkable expression of the latter. But such a straightforward way would lead to complicated calculations. The best and most elegant way is to proceed as follows.
Let /, ii, i2 be three mutually perpendicular unit vectors, so that performing the scalar multiplication we have ii = 1, ¿¿i = iii = 0, iih = 1, H2 = i2i = 0, l2t2 = 1, llti = ¿2*1 = 0. Now take the scalar product of the vector
by the vector
We have first
On the other hand, if we express A, B as linear functions of x, y, z and X, Y, Z with vectorial coefficients, we easily find
(Xx + Yy + Zz) = (-DYl2(Xx + Yy + Zz) and thus
This is the required expression. Introducing these expressions for X, Y, Z into F we obtain a binary form in X, p whose determinant is -Df{x, y, z). Hence, it is possible to take for X, p relative prime numbers so as to have
The numbers X, Y, Z have no common divisor if X and p are relatively prime. 6. Whatever positive value we attribute to A it is possible therefore to find two triads x, y, z; X, Y, Z consisting of numbers without common divisor and satisfying the inequalities 4>2 4 /D\w /"2* + 7<tU) ' and hence X = 0 if only D ^ 64. On the other hand, the minimum of i$(y, z) is attained for y = l, z = 0, if the basis was selected according to the explanations in §3. Now, if this minimum is ^ (4/3)D1/3, which is certainly the case if g>l, it is obvious that the inequality / < (4/3)£>1'3 cannot be satisfied except by taking # = + 1, y = 0, z = 0. But it may happen that this minimum is < (4/3)Z)1/3. The smallest value of \^(y, z) corresponding to z^O is then >ID2'3 and this is surely >(4/3)Z>1'3 if Z>>151. Hence, if D > 151 we have necessarily z = 0.
The excluded cases deserve special attention. There are only a finite number of cubic orders with D^ 151. They are* * See B. Delaunay's beautiful paper in Mathematische Zeitschrift, vol. 30 (1930) .
-Hf+la-fß 
it is obvious that for A = l the triads 1, 0, 0 and 0, 0, 1 satisfy all the requirements. 7. As we have seen, for any particular value of A there exist two triads Xo, yo, z<>; Xo, Y0, Z0 consisting of numbers without common divisor, connected by the bilinear relation we have for the greatest root of the equation (b) the following expression : ax = rW3 = r'(o0/iv(coo))3.
Suppose now that A0<Ai. Then we have to change the triad xQ, y0, z0 when the variable parameter A reaches the value A0, the second triad remaining the same in a certain interval beyond A0. The new triad following Xo, yo, z0 can be determined by the process described in §5. For practical purposes it is advantageous to proceed in the following manner. 8. The process described in the preceding paragraph is simple and the only objection that could be raised is that T and V are determined by the solution of the cubic equation r3 -t + k = 0 which may appear burdensome.
However, this equation having three real roots can easily be solved by known and handy formulas.
On the other hand, because of the existence of three real roots we have necessarily 2-31'2 k <-< 0.385, 9
and it is easy to form a small table giving log r2 and log (k/ri) to three decimal places, which is amply sufficient in most cases. If such a table cannot be used, which can happen only under extremely exceptional circumstances, then direct solution becomes necessary. However, the labor involved in this it follows readily that numbers <j> and co obtained in the described manner have their norms limited by D; we have in fact N{4>) < (8/27)!)1'2, N{w) < (8/27)Z)1'2g-1.
To facilitate the application of our method to numerical examples, we give here a small table mentioned above. Let E > 1 be the direct fundamental unit of the order and e = E~l the inverse unit. If series (A) and (B) are extended sufficiently we necessarily find e either in (A) or in (B). To prove this statement we observe first that numbers in the sequence A0 < Ai < A2 < A3 < • • • finally surpass any given limit so that the unit E falls into the interval between two consecutive numbers of this sequence. Let x,y,z; X, Y, Z be two triads corresponding to A = E3. We have 
-{a" -a')W + 2{a -a'){a -a")Q/l < (4/3)Z)2'3. Now <j>ü) = <j)Cl}, and by virtue of (3) and (2) Xx + Yy + Zz = 0.
It follows from the inequalities (4) that either $ = 1 or ¿> = 1 provided D = 76.
In the former case we have $ = e and in the latter case w = e. 10. We are sure, therefore, to find the unit e in (A) or in (B) as soon as the variable parameter A reaches the value A = E3. But it may happen that a unit appears in (A) or in (B) before that, and then the question arises whether this is a fundamental unit or not. To settle this question we observe that any unit which may appear in (A) or (B) is < 1. Let it be, for example, $*. If A is the parameter value for which the equalitŷ ±(£Y A " 3 \A/ <¡>o2 4 /D\113 2*o + A is reached, the parameter value corresponding to the equality 'DV'3 2$* + A3 \A/ is A$k~3, and evidently this must be >A; that is, $>* < 1.
In a similar manner it can be proved that any unit w* in (B) must be < 1. Suppose now that <£* is the first unit we meet in the series (A) and (B). It must be a positive power of e, say e\ Accepting A in the same meaning as before, we see that the inequality On the other hand, if n> 1 the first parameter value where $>& appears must be <E3, so that (C) holds good for
If n 3:3 we take in (C) A = E3n~3 and A = £3"-6, and the resulting inequalities are equivalent to 2e + E2 < (4:/3)D1'3; 2e2 + £4 < (i/3)D1'3, and, supposing D S: 76, we have, by §6, E = a + ba, E2 = a' + b'a, which is impossible. Hence «^ 2. If n = 2, in a similar manner we see that the fundamental unit must be binary, E = a + ba, and it is very easy to discover whether the unit <£*, given by our process, can be a square of the binary unit. If co i is the first unit we meet in (A) or (B), in exactly the same manner it may be shown that it is the fundamental unit e unless it is a square of the binary (fundamental) unit, provided again D i; 76. Thus our operations may be stopped as soon as we find in (A) or (B) a unit, and if this is not a fundamental unit, the latter can easily be found. For the remaining discriminants g 59 the method undergoes slight modifications and easily leads to fundamental units.
Note. Although the discovery of the fundamental unit presents no difficulty, it can be shown in certain cases that the first unit found in (A) or (B) is necessarily a fundamental unit. For instance, that is true in the case of the order with basic form 4> = x + yd + zd2, where 6 is a root of the irreducible equation 63 = A.
11. Before passing to numerical examples designed to illustrate the foregoing method, it is well to collect certain formulas which greatly simplify the march of operations. The first necessary step is to find an appropriate basis of the order as explained in §2. For that purpose one may have a ready expression of the form denoted there by \¡/. Written in the usual manner this form is (5) * = 3(gl -f2l3 +fa + 3gß, -(2/3)// +la-fß, -kf-I213 + 3ka -Iß).
When an appropriate basis has been found, we know the corresponding coefficients /, g, k, I and have the following equations which are constantly used: aa = gl + fa + gß, (6) aß = kg, ßß = -kf + ka -Iß; [January a' + a" =f-a, ß' + ß" --I -ß, As to parameter values where either the triad xQ, y0, zQ or X0, F0, Z0 has to be changed, they are given by A = IWS, Ai -TJ)ll*guS*\a" -a'\-3.
Finally, to obtain \a"-a! \ we have the equation
In finding approximate values of different numbers, it is hardly ever necessary to retain more than three or even two decimals. It is advisable once and for all to have logarithms of 8D/27, S{D/27y>2g-\ gD1'2 \ a" -a' \~3
and also the value of 4(7J/27)1'2.
As to T2 and k/rx, their logarithms are supplied by the auxiliary tables in §8. The different numerical operations required by the method are uniform and go quickly and smoothly after a certain amount of practice. 12. For the first example, let us consider the order [1,.8, 02] where 9 is a root of the equation 03 -02 + 30 -5 = 0. The discriminant of this order is -524, so that D = 524. The basis 1, 6, 0s is not normal, but the equivalent normal basis is easily found to be I, A = -1 +d, B = 3 + d2.
Corresponding to this basis we have /= -2, g= 1, k = 2, 1= -4.
From (5) Hence, the minimum of V is attained for X = 0, p= ±1. We take X = 0, ju = -1 to make u positive. Thus Thus (Ü3 is an algebraic unit and as it is not a square of the binary unit of the form a+ba it must be the required fundamental unit e: e = 5 -ß or e = 2 -02, E = 18 + 20 + 502.
13. For the last application of the method we shall find the fundamental unit in the field determined by the root of the equation 03 = 19. A basis of integers of this field is i + e + e2 3
and we obtain a suitable normal basis by taking i + e + e2 a = e -1, ß =-3 For this basis we have and / = -3, g = 3, k = 2, 1= -I, aa = -3 -3a + 3ß, ßß = 6 + 2a + ß, aß = 6, a'a" = 3ß, ß'ß" = 2a, a' + a" = -3 -a, ß' + ß" = 1 -ß, a'ß" + a"ß' = -9 -a + 3/3. Third operation. Now the first triad is to be changed. Here we find Z = 0, m = -1, n = -2, and <t> = X -(a + 2ß)p = g;
